We study theoretically the scattering imprint of a number of branched supramacromolecular architectures, namely, polydisperse stars and dendrimeric, hyperbranched structures. We show that polydispersity and nature of branching highly influence the intermediate wavevector region of the scattering structure factor, thus providing insight into the morphology of different aggregates formed in polymer solutions.
I. Introduction:
Scattering by light, x-rays or neutron radiation provides a fundamental tool to investigate the shapes and statistical nature of large molecules in solution [1] . For objects of fixed shape, like spherical, ellipsoidal or cylindrical colloids, the scattering functions are known and can easily be compared to experimental data, thus allowing for a determination of shapes and relevant dimensions of the objects in a given experimental sample. For objects of a relatively simple geometry, but with a fluctuating nature, like polymer chains or semi-flexible rods the scattering spectra contains not only information about the average shape of the mass distribution but carries also a signature of the conformational disorder determined by the nature of the thermodynamic fluctuations. For flexible polymers, for instance, one can determine from the scattering data whether monomer-monomer excluded volume interactions are relevant or not in a particular, given solvent.
Association of fixed-shape objects, like the aggregation of spherical colloids that lead to fractal D.L.A.(diffusion-limited aggregation) structures [2] , brings also some degree of disorder into the spatial distribution of the scattering elements. Although the object as a whole does not fluctuate in time, the spatial distribution of the scattering elements is statistically fixed by the aggregation process itself. D.L.A. and other related processes have been shown to lead to self-similar aggregates [3] , where the frozen position correlations g(r)
between different elements at a distance r are described by a power law g(r) ∼ r −m . It is well known that the scattering data from these objects also carries the signature of the exponent m, thus providing some insight on the type of the aggregation process ruling the solution behavior.
When the aggregation process involves fluctuating objects, the scattering function carries information both on the connectivity between different scattering elements and on the statistics of the fluctuations. In this paper we discuss the interplay between these two factors by studying a number of branched polymer structures. Branched polymers are arguably the larger class of systems of connected fluctuating elements, systems that also include ag-gregates of soft gel beads, emulsion droplets and others. In many polymer or polymer-like structures, control of the branching chemistry allows for a careful choice of the connectivity, like in dendrimers [4, 5] or in star-branched polymers [6, 7] , and to some extent in dendrimeric (also called hyperbranched) polymers [8] [9] [10] . Geometries with higher degree of disorder are obtained by spontaneous aggregation in solutions of polymers carrying sticking groups, and by random branching during polymerization growth. This leads to a great diversity in the connections and to a polydispersity in sizes of the constitutive elements. In order to clarify the role of each of these factors in shaping the scattering functions, we explore a number of structures obtained by variations of star-like polymers: stars with polydisperse arms, and dendrimeric polymers with different degrees of polydispersity.
The paper is organized as follows. In section II we recall some basic general features of the scattering amplitude for well known, fixed-shape and fluctuating objects. Section III discusses the scattering function of gaussian branched and hyperbranched structures, and also discusses qualitatively the effects of excluded volume. Finally, in the conclusions we discuss the different scattering signatures according to branching structure and statistical nature of the fluctuations.
II. Scattering from simple polymer architectures.
The structure factor of an aggregate is given by
where N is the number of scattering units in the aggregate (monomers), R i is the position of the i-th scattering unit, the ensemble average is denoted by ... , and q is the momentum transfer given by q = q s − q i . Here q i and q s are the wave vectors of the incident and scattered fields. For elastic scattering |q s | = |q i | = 2π/λ, where λ is the wavelength of the incident wave. Hence, q ≡ |q| = (4π/λ) sin θ/2, with θ the scattering angle.
An illustration of the form of the scattering amplitude for two objects of well defined shapes is shown in Fig.1 . In this figure, the spherically averaged scattering function of an infinitely thin uniform rod of length L is compared to that of an uniform sphere of radius R = L/2. For simplicity both curves have been normalized to 1 at the origin. The curve corresponding to the rod shows a power law region with slope −1 for large wavevector q, reflecting the unidimensional nature of the rod. Indeed, for a mass density distribution of the form g(r) ∼ r −(3−D) , where D is the fractal dimension of the object, one expects the scattering behavior S(q) ∼ q −D . For rods, D = 1, and S(q) ∼ q −1 . This holds for spatial scales r ≪ R g or reciprocal lengths qR g ≫ 1, where R g is the radius of gyration of the object
rolls off into a plateau (Guinier) region. Deviations from the plateau value give a measure of the radius of gyration of the object. In this region
The structure factor of the sphere also shows a Guinier zone that rolls off from the plateau at a smaller wavevector q indicating that the radius of gyration of this sphere is larger than the radius of gyration of the rod. For larger values of q, the sphere structure factor oscillates, the separation between the peak positions being also a measure of the size of the sphere. The decaying envelope has a slope −4, typical of objects with sharp interfaces.
As an example of the scattering function of fluctuating objects, we consider the structure factor of a linear Gaussian polymer with P × N monomers and of an uniform star of P arms of N monomers each one [see Fig.2 and also Eq. (17)]. For the linear polymer, the large q behavior follows a power law with a slope −2, a manifestation of the fractal dimension of a Gaussian chain, D = 2. The same behavior is seen at large wave vectors for the star scattering function. However, the star shows a second power law region with slope −4 before saturating at the plateau value. Notice that a steepest curve is necessary to connect a plateau extending further in q (the radius of gyration of the star is smaller than the radius of gyration of the linear polymer) to a coincidental high q region in which both, the polymer and the star, have the same local statistical structure. Quantitatively, the value −4 is related to the average concentration profile. Indeed, it can be shown [11] that, when scattering from an inhomogeneous region of average concentration φ(r) dominates the spectrum, S(q) is calculated from
For a Gaussian star polymer, the average concentration profile is given by φ(r) = 3P/(2πa 2 r) erfc(r/2R g ), where r is the distance from the center of the star, a is the monomer size, and erfc(x) is the complementary error function [12] . Equation (2) thus leads to
Note that this form crosses over correctly from the plateau region
g . Even in the absence of an exact form for the radial concentration profile, a general argument can be made [13] in order to extract the value of the intermediate slope. For a star with P arms, the average concentration inside an infinitesimal spherical shell of volume 4πr
2 dr and radius r, centered on the star, is given by
with dN(r) is the average number of monomers per arm in the shell. 
For higher wavevectors, qR star ≫ P 2/5 , the function S(q) crosses over to a slope −5/3
indicative of the local excluded volume statistics of the arms [14] .
III. Branched structures:
The objective of this section is to show how the internal branched structure of the aggregate modifies the form of the structure factor. In order to do this, we consider two different types of aggregates, (a) polydisperse stars, and (b) dendrimeric structures (see Fig.3 ).
The method of calculation for the structure factor of aggregates (a) and (b) starts by considering an arbitrary aggregate whose scattering function is known. If a new arm is added to the structure, the scattering function that accounts for the new arm can be calculated in terms of the known scattering function plus corrections due to the correlations between the monomers of the new arm with themselves and with all the monomers of the previous aggregate. A more detailed discussion of the procedure is given in Appendix A where the structure factor of a dendrimer of two generations is computed in terms of the structure factor of a monodisperse star.
III.(a) Polydisperse stars
Consider a star-branched polymer made of P 1 arms of N 1 monomers, P 2 arms of N 2 monomers and so on (see Fig.3a ). The structure factor of this aggregate is
Here, G is the number of different lengths, x q = q 2 a 2 N q /6. Note that this expression can be decomposed, as for the monodisperse star, in a contribution from the average concentration of the star plus contributions from the fluctuations. However, as we will see below, the general shape of the scattering curve now exhibits a richer behavior. The low wavevector and the high wavevector regions still present the usual Guinier roll-off from a plateau and a " -2 slope", respectively. The signature of the star polydispersity is carried by the shape of the intermediate scattering region. Consider the case of arm-size polydispersity. Here, we take the star to be made of G different stars, each of them with equal arm number P but an arm-size distribution N i . For the form N i = N max i −2m , where m ≥ 0, i runs from 1 to G and N max is the number of monomers of the largest arms, the radius of gyration of each arm is R i = Cte i −m a, and the average concentration can be written as [15] 
where Γ is the gamma function Γ(a) = ∞ 0 dxx a−1 exp{−x}. If the exponent m is very large, only the P largest arms contribute to the concentration profile which is very similar to a monodisperse star. As the distribution width increases, the smaller arms start to significantly contribute to the profile. In this case, several different regimes can be identified, as shown in Fig.(4) . By inserting the continuous limit of Eq. (7) in Eq. (2) This second intermediate regime therefore appears at length scales smaller than the length of the smaller arms and follows the usual q −4 scaling. At low wavevectors q the spectrum shows a Guinier plateau. The transition point between the Guinier zone and the first intermediate region occurs at (qR g ) 2 ∼ 1 as can be verified by inserting the exact form of Eq. (7) in Eq.(2) and exploring the small q limit of the resulting expression. The radius of gyration of the polydisperse star is R
where
is the gyration radius of the largest arm. For large values of m one recovers the limit of the monodisperse star R to a regime S(q) ∼ q −10/3 independently of the number of monomers N max .
III.(b)Dendrimeric Structures
These structures are formed by starting from a uniform star of P 1 = P arms of N 1 monomers each one, and branching each arm twice so that in the second generation there are P 2 = 2P 1 arms of length N 2 . We then branch each of the newest arms twice so that in the third generation there are P 3 = 2P 2 = 2 2 P 1 arms of length N 3 . We repeat this process up to any desired number of generations (see Fig.3b ). This means that the number of arms in each generation is P i = 2 i−1 P . As in the case of the polydisperse stars, for a large number of arms and generations, asymptotic shapes can be reached for particular types of The results for the scaling regimes and the transitions between these regimes for both, polydisperse stars and hyperbranched structures are summarized in Appendix B.
In Fig.7 we plot the structure factor for Gaussian dendrimers with arms of equal size for all the generations. In this case a non-scaling regime is present between the Guinier zone and the high q region. This region shows a hump that reflects the fact that as we increase the number of generations, the outer core of the aggregate becomes very dense thus dominating the structure of the spectrum which resembles the one for a spherical shell. We see in Fig.7 that the size of the hump increases as we increase the number of generations in qualitative agreement with the experimental results of Ref. [17] . Note that while growth of dendrimers to a high number of generations is usually hindered by steric reasons, a polydisperse dendrimer can grow indefinitely if the polydispersity is correctly tuned.
From the scattering curves of branched structures in which there is a q region where fluctuations dominate, we note that there is always an intermediate q region with a steeper slope than the corresponding one for a linear polymer. This can be understood by using a simple graphical argument. Consider a linear Gaussian polymer of mass N. Its structure factor consist of a power law region with slope −2 and a Guinier zone for low wave vector q. Now, let us consider any branched Gaussian polymer. Its structure factor coincides, in slope and absolute value, with the one for the linear Gaussian polymer at short wave lengths.
This reflects the fact that the internal structure of the polymer is the same in both cases.
If the branched polymer has the same mass than the linear one, both spectra must coincide in the plateau Guinier zone. However, since the radius of gyration of any branched polymer is always smaller than the corresponding one for the linear polymer, the Guinier zone must extend to a larger wave vector value, as shown for example in Fig.2 . Therefore, the only possible way of crossing from one region to the other is by an intermediate region with
an average slope larger than the slope at short-wave lengths. This argument is also valid in good solvent conditions where the Gaussian model is not valid and monomer-monomer interactions play an important role.
IV. Conclusions:
In this paper we have shown how different branched polymers give rise to different structure factors. This information can be used to probe the morphology of supramacromolecular aggregates. We have shown how the slope in the intermediate q region can be tailored according to the polydispersity in the length of the constitutive linear chains of the branched aggregates. In particular, for polydisperse stars we found scaling regimes with slopes ranging from −2 to −4 in θ solvent conditions and between −5/3 and −10/3 for athermal solvent.
In the case of dendrimeric structures, scaling regimes ranging from −4 to −8 in θ solvent and between −10/3 and −5 for athermal conditions, although richer behavior was obtained for specific choices of the polydispersity parameters. We have shown using simple arguments that whenever there is a region where fluctuations dominate the scattering response, then the structure factor of branched structures always present an intermediate q regime with at least a small region where the slope in a log-log plot is larger than the corresponding slope of the linear polymer. This means that these aggregates are not strictly self-similar over the entire range of length scales a < l < R g . Results presented in this paper can be qualitatively used as a guiding tool for exploring the branching morphology of aggregates according to the type of regimes presented in the scattering intensity curves. They also provide qualitative information from the analysis of the values of the slopes of the intermediate q regimes.
Appendix A: Method of Calculation
In this appendix we outline the procedure to obtain the structure factor for the branched structures described in this paper by considering a specific example. Suppose a branched polymer that grows following a given rule like the one shown in Fig. 3b . In this figure, we show a polymer that grows from a star of P 1 arms each one made of N 1 monomers. Each arm is then branched in two other arms made of N 2 monomers. Then, each arm of the newest generation is branched again in two arms and so on. The structure factor of the structure made of G generations is related to the structure factor of the structure made of G − 1 generations by the equation
where P i and N i are the number of arms and monomers in the i-th generation, respectively, S i (q) is the structure factor of the structure made of i generations and the corrections, S corr (q), are due to the correlations between the arms grown in the G-th generation with themselves and the rest of the arms. Assuming that S G−1 (q) is known, the problem consist in calculate these corrections. Then, applying the procedure recursively, the structure factor of any structure made of an arbitrary number of generations can be calculated.
Now we proceed with the calculation of the corrections. In order to show the general idea, we are going to treat the simple case of a dendrimer with G = 2 generations (see Fig.8 ). Any monomer m that belongs to the last generation (G = 2) interacts with all other monomers of the structure. These interactions can be classified according to the relative location, in the structure, of the second monomer n with respect to to monomer m. This is shown in Fig.8 where we classify the position of the second monomer in 5 different families.
The monomers n of family 1 belongs to the same generation and to the same arm of monomer m. Family 2 comprises all the monomers n of the same generation of m but that belong to a different arm whenever this arm has a common origin with the arm where m is located. by going through the arm where n is located. All the monomers that participate in the corrections belong to one of these families. Contributions to the structure factor from a given family f are calculated from the expression
where N T is the total number of monomers, the sum runs over monomer m and n with at least one of them belonging to the latest generation (G = 2), and G f m,n (R n , R m ) is the Green function of the f family given by
Substituting these expressions in Eq.(9) and taking the continuos limit by transforming the sums into integrals we find the structure factor for the dendrimer of two generations (16) where
is the structure factor of a star of P 1 arms and N 1 monomers [18] . This expression contains two terms. The first term of the right-hand side expresses cross-correlations between the different arms of the star. The second term refers to the normal Debye function for a linear polymer of N 1 monomers, as found by taking the appropriate limit P 1 = 1. Note that the general procedure explained above can be easily generalized to calculate the structure factors of general branched structures like the ones studied in this paper. 
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